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Intro
• Last time:

– Described and derived conditions for controllability of 
linear state models.
• Rank of Rn for both discrete and continuous 

– Showed examples of controllable and non-controllable 
systems

• Today:
– Show how to discretize a simple continuous system
– Open loop and state feedback control
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Discretization of C.T system

Let’s convert it to discrete time: 
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Discretization of C.T system
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=

Z T

0
u(0)d⌧ + v(0)

<latexit sha1_base64="N1qYOxkmxxCV+t/kXMo5uFoMzYM=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyxCRShTEXQjFNy4rNAbdGrJpJk2NJMZkpNCGbr1NXwBt/oG7sSt+AI+h+kFsa0/BL785xxO8geJ4Bo878tZWV1b39jMbGW3d3b39t2Dw5qOjaKsSmMRq0ZANBNcsipwEKyRKEaiQLB60L8d1+sDpjSPZQWGCWtFpCt5yCkBa7VdjG+wzyW0vYe0MsIm7511fCAG43M8sBfcdnNewZsI/0JxEXJopnLb/fY7MTURk0AF0bpZ9BJopUQBp4KNsr7RLCG0T7qsaVGSiOlWOvnJCJ9ap4PDWNkjAU/cvxMpibQeRoHtjAj09GJtbP5XaxoIr1spl4kBJul0UWgEhhiPY8EdrhgFMbRAqOL2rZj2iCIUbHhzWyiRlIlR1gazFMMy1C4KRcv3l7lSuTSNKIOO0QnKoyK6QiV0h8qoiih6RM/oBb06T86b8+58TFtXnFmsR2hOzucPaOufrg==</latexit><latexit sha1_base64="N1qYOxkmxxCV+t/kXMo5uFoMzYM=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyxCRShTEXQjFNy4rNAbdGrJpJk2NJMZkpNCGbr1NXwBt/oG7sSt+AI+h+kFsa0/BL785xxO8geJ4Bo878tZWV1b39jMbGW3d3b39t2Dw5qOjaKsSmMRq0ZANBNcsipwEKyRKEaiQLB60L8d1+sDpjSPZQWGCWtFpCt5yCkBa7VdjG+wzyW0vYe0MsIm7511fCAG43M8sBfcdnNewZsI/0JxEXJopnLb/fY7MTURk0AF0bpZ9BJopUQBp4KNsr7RLCG0T7qsaVGSiOlWOvnJCJ9ap4PDWNkjAU/cvxMpibQeRoHtjAj09GJtbP5XaxoIr1spl4kBJul0UWgEhhiPY8EdrhgFMbRAqOL2rZj2iCIUbHhzWyiRlIlR1gazFMMy1C4KRcv3l7lSuTSNKIOO0QnKoyK6QiV0h8qoiih6RM/oBb06T86b8+58TFtXnFmsR2hOzucPaOufrg==</latexit><latexit sha1_base64="N1qYOxkmxxCV+t/kXMo5uFoMzYM=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyxCRShTEXQjFNy4rNAbdGrJpJk2NJMZkpNCGbr1NXwBt/oG7sSt+AI+h+kFsa0/BL785xxO8geJ4Bo878tZWV1b39jMbGW3d3b39t2Dw5qOjaKsSmMRq0ZANBNcsipwEKyRKEaiQLB60L8d1+sDpjSPZQWGCWtFpCt5yCkBa7VdjG+wzyW0vYe0MsIm7511fCAG43M8sBfcdnNewZsI/0JxEXJopnLb/fY7MTURk0AF0bpZ9BJopUQBp4KNsr7RLCG0T7qsaVGSiOlWOvnJCJ9ap4PDWNkjAU/cvxMpibQeRoHtjAj09GJtbP5XaxoIr1spl4kBJul0UWgEhhiPY8EdrhgFMbRAqOL2rZj2iCIUbHhzWyiRlIlR1gazFMMy1C4KRcv3l7lSuTSNKIOO0QnKoyK6QiV0h8qoiih6RM/oBb06T86b8+58TFtXnFmsR2hOzucPaOufrg==</latexit><latexit sha1_base64="N1qYOxkmxxCV+t/kXMo5uFoMzYM=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyxCRShTEXQjFNy4rNAbdGrJpJk2NJMZkpNCGbr1NXwBt/oG7sSt+AI+h+kFsa0/BL785xxO8geJ4Bo878tZWV1b39jMbGW3d3b39t2Dw5qOjaKsSmMRq0ZANBNcsipwEKyRKEaiQLB60L8d1+sDpjSPZQWGCWtFpCt5yCkBa7VdjG+wzyW0vYe0MsIm7511fCAG43M8sBfcdnNewZsI/0JxEXJopnLb/fY7MTURk0AF0bpZ9BJopUQBp4KNsr7RLCG0T7qsaVGSiOlWOvnJCJ9ap4PDWNkjAU/cvxMpibQeRoHtjAj09GJtbP5XaxoIr1spl4kBJul0UWgEhhiPY8EdrhgFMbRAqOL2rZj2iCIUbHhzWyiRlIlR1gazFMMy1C4KRcv3l7lSuTSNKIOO0QnKoyK6QiV0h8qoiih6RM/oBb06T86b8+58TFtXnFmsR2hOzucPaOufrg==</latexit>

= v(0) + Tu(0)
<latexit sha1_base64="E2HQPx/j+3blMHUkclsQe4V/650=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEIESFMRNCNEHDjMkJekAyhp1NJmvT0DN09gRByBi/gVm/gTtx6Bi/gOexJgpjEgqZ//r+KKr4gFlwbz/ty1tY3Nre2MzvZ3b39g0P36Limo0QxrLJIRKoRUI2CS6wabgQ2YoU0DATWg8F9mteHqDSPZMWMYvRD2pO8yxk11mq77h0Z5r0LckkqSfqTtpvzCt60yK8oLosczKvcdr9bnYglIUrDBNW6WfRi44+pMpwJnGRbicaYsgHtYdNKSUPU/nh6+YScW6dDupGyTxoydf9OjGmo9SgMbGdITV8vZ6n5X9ZMTPfWH3MZJwYlmy3qJoKYiKQYSIcrZEaMrKBMcXsrYX2qKDMW1sIWRiVDMclaMCsYVkXtqlC0+vE6VyqXZogycApnkIci3EAJHqAMVWAwhGd4gVfnyXlz3p2PWeuaM8d6AgvlfP4ASUWZOA==</latexit><latexit sha1_base64="E2HQPx/j+3blMHUkclsQe4V/650=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEIESFMRNCNEHDjMkJekAyhp1NJmvT0DN09gRByBi/gVm/gTtx6Bi/gOexJgpjEgqZ//r+KKr4gFlwbz/ty1tY3Nre2MzvZ3b39g0P36Limo0QxrLJIRKoRUI2CS6wabgQ2YoU0DATWg8F9mteHqDSPZMWMYvRD2pO8yxk11mq77h0Z5r0LckkqSfqTtpvzCt60yK8oLosczKvcdr9bnYglIUrDBNW6WfRi44+pMpwJnGRbicaYsgHtYdNKSUPU/nh6+YScW6dDupGyTxoydf9OjGmo9SgMbGdITV8vZ6n5X9ZMTPfWH3MZJwYlmy3qJoKYiKQYSIcrZEaMrKBMcXsrYX2qKDMW1sIWRiVDMclaMCsYVkXtqlC0+vE6VyqXZogycApnkIci3EAJHqAMVWAwhGd4gVfnyXlz3p2PWeuaM8d6AgvlfP4ASUWZOA==</latexit><latexit sha1_base64="E2HQPx/j+3blMHUkclsQe4V/650=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEIESFMRNCNEHDjMkJekAyhp1NJmvT0DN09gRByBi/gVm/gTtx6Bi/gOexJgpjEgqZ//r+KKr4gFlwbz/ty1tY3Nre2MzvZ3b39g0P36Limo0QxrLJIRKoRUI2CS6wabgQ2YoU0DATWg8F9mteHqDSPZMWMYvRD2pO8yxk11mq77h0Z5r0LckkqSfqTtpvzCt60yK8oLosczKvcdr9bnYglIUrDBNW6WfRi44+pMpwJnGRbicaYsgHtYdNKSUPU/nh6+YScW6dDupGyTxoydf9OjGmo9SgMbGdITV8vZ6n5X9ZMTPfWH3MZJwYlmy3qJoKYiKQYSIcrZEaMrKBMcXsrYX2qKDMW1sIWRiVDMclaMCsYVkXtqlC0+vE6VyqXZogycApnkIci3EAJHqAMVWAwhGd4gVfnyXlz3p2PWeuaM8d6AgvlfP4ASUWZOA==</latexit><latexit sha1_base64="E2HQPx/j+3blMHUkclsQe4V/650=">AAACDXicbZBLSgNBEIZrfMb4GnXppjEIESFMRNCNEHDjMkJekAyhp1NJmvT0DN09gRByBi/gVm/gTtx6Bi/gOexJgpjEgqZ//r+KKr4gFlwbz/ty1tY3Nre2MzvZ3b39g0P36Limo0QxrLJIRKoRUI2CS6wabgQ2YoU0DATWg8F9mteHqDSPZMWMYvRD2pO8yxk11mq77h0Z5r0LckkqSfqTtpvzCt60yK8oLosczKvcdr9bnYglIUrDBNW6WfRi44+pMpwJnGRbicaYsgHtYdNKSUPU/nh6+YScW6dDupGyTxoydf9OjGmo9SgMbGdITV8vZ6n5X9ZMTPfWH3MZJwYlmy3qJoKYiKQYSIcrZEaMrKBMcXsrYX2qKDMW1sIWRiVDMclaMCsYVkXtqlC0+vE6VyqXZogycApnkIci3EAJHqAMVWAwhGd4gVfnyXlz3p2PWeuaM8d6AgvlfP4ASUWZOA==</latexit>
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d

dt
p(t) = v(t)

u(t)

T 2T 3T

d

dt
v(t) = u(t)

<latexit sha1_base64="uHUM3zKENV3HsGF4wlTLCvgGA2o=">AAACFHicbZDLSgMxFIYz9VbrbdSFCzfBItRNmRFBN0LBjcsK9gLtUDKZTBuayQzJmUIZ5jV8Abf6Bu7ErXtfwOcwvSC29UDIz/+fw0k+PxFcg+N8WYW19Y3NreJ2aWd3b//APjxq6jhVlDVoLGLV9olmgkvWAA6CtRPFSOQL1vKHd5O8NWJK81g+wjhhXkT6koecEjBWzz7phorQLMizAPJRBS7wLU7N1bPLTtWZFv4V7rIoo3nVe/Z3N4hpGjEJVBCtO66TgJcRBZwKlpe6qWYJoUPSZx0jJYmY9rLpB3J8bpwAh7EyRwKeun8nMhJpPY580xkRGOjlbGL+l3VSCG+8jMskBSbpbFGYCgwxntDAAVeMghgbQaji5q2YDoghAobZwhZKJGUiLxkwKxhWRfOy6hr9cFWu1WszREV0is5QBbnoGtXQPaqjBqIoR8/oBb1aT9ab9W59zFoL1hzrMVoo6/MHPhSeSw==</latexit><latexit sha1_base64="uHUM3zKENV3HsGF4wlTLCvgGA2o=">AAACFHicbZDLSgMxFIYz9VbrbdSFCzfBItRNmRFBN0LBjcsK9gLtUDKZTBuayQzJmUIZ5jV8Abf6Bu7ErXtfwOcwvSC29UDIz/+fw0k+PxFcg+N8WYW19Y3NreJ2aWd3b//APjxq6jhVlDVoLGLV9olmgkvWAA6CtRPFSOQL1vKHd5O8NWJK81g+wjhhXkT6koecEjBWzz7phorQLMizAPJRBS7wLU7N1bPLTtWZFv4V7rIoo3nVe/Z3N4hpGjEJVBCtO66TgJcRBZwKlpe6qWYJoUPSZx0jJYmY9rLpB3J8bpwAh7EyRwKeun8nMhJpPY580xkRGOjlbGL+l3VSCG+8jMskBSbpbFGYCgwxntDAAVeMghgbQaji5q2YDoghAobZwhZKJGUiLxkwKxhWRfOy6hr9cFWu1WszREV0is5QBbnoGtXQPaqjBqIoR8/oBb1aT9ab9W59zFoL1hzrMVoo6/MHPhSeSw==</latexit><latexit sha1_base64="uHUM3zKENV3HsGF4wlTLCvgGA2o=">AAACFHicbZDLSgMxFIYz9VbrbdSFCzfBItRNmRFBN0LBjcsK9gLtUDKZTBuayQzJmUIZ5jV8Abf6Bu7ErXtfwOcwvSC29UDIz/+fw0k+PxFcg+N8WYW19Y3NreJ2aWd3b//APjxq6jhVlDVoLGLV9olmgkvWAA6CtRPFSOQL1vKHd5O8NWJK81g+wjhhXkT6koecEjBWzz7phorQLMizAPJRBS7wLU7N1bPLTtWZFv4V7rIoo3nVe/Z3N4hpGjEJVBCtO66TgJcRBZwKlpe6qWYJoUPSZx0jJYmY9rLpB3J8bpwAh7EyRwKeun8nMhJpPY580xkRGOjlbGL+l3VSCG+8jMskBSbpbFGYCgwxntDAAVeMghgbQaji5q2YDoghAobZwhZKJGUiLxkwKxhWRfOy6hr9cFWu1WszREV0is5QBbnoGtXQPaqjBqIoR8/oBb1aT9ab9W59zFoL1hzrMVoo6/MHPhSeSw==</latexit><latexit sha1_base64="uHUM3zKENV3HsGF4wlTLCvgGA2o=">AAACFHicbZDLSgMxFIYz9VbrbdSFCzfBItRNmRFBN0LBjcsK9gLtUDKZTBuayQzJmUIZ5jV8Abf6Bu7ErXtfwOcwvSC29UDIz/+fw0k+PxFcg+N8WYW19Y3NreJ2aWd3b//APjxq6jhVlDVoLGLV9olmgkvWAA6CtRPFSOQL1vKHd5O8NWJK81g+wjhhXkT6koecEjBWzz7phorQLMizAPJRBS7wLU7N1bPLTtWZFv4V7rIoo3nVe/Z3N4hpGjEJVBCtO66TgJcRBZwKlpe6qWYJoUPSZx0jJYmY9rLpB3J8bpwAh7EyRwKeun8nMhJpPY580xkRGOjlbGL+l3VSCG+8jMskBSbpbFGYCgwxntDAAVeMghgbQaji5q2YDoghAobZwhZKJGUiLxkwKxhWRfOy6hr9cFWu1WszREV0is5QBbnoGtXQPaqjBqIoR8/oBb1aT9ab9W59zFoL1hzrMVoo6/MHPhSeSw==</latexit>

p((n+ 1)T ) = p(nT ) +

Z (n+1)T

nT
v(⌧)d⌧

<latexit sha1_base64="t55OMwqqEemZ2lNbpg0Q2Hd/aWM="></latexit><latexit sha1_base64="t55OMwqqEemZ2lNbpg0Q2Hd/aWM="></latexit><latexit sha1_base64="t55OMwqqEemZ2lNbpg0Q2Hd/aWM="></latexit><latexit sha1_base64="t55OMwqqEemZ2lNbpg0Q2Hd/aWM="></latexit>

= v(nT ) +

Z ⌧

nT
u(✓)d✓

<latexit sha1_base64="wilSbCZlJ4uqR0bgj7oEqLGTXog="></latexit><latexit sha1_base64="wilSbCZlJ4uqR0bgj7oEqLGTXog="></latexit><latexit sha1_base64="wilSbCZlJ4uqR0bgj7oEqLGTXog="></latexit><latexit sha1_base64="wilSbCZlJ4uqR0bgj7oEqLGTXog="></latexit>

= v(nT ) + (⌧ � nT )u(nT )
<latexit sha1_base64="Wll0Wsi8y1aZtbvJ2fK3vbAYUbA="></latexit><latexit sha1_base64="Wll0Wsi8y1aZtbvJ2fK3vbAYUbA="></latexit><latexit sha1_base64="Wll0Wsi8y1aZtbvJ2fK3vbAYUbA="></latexit><latexit sha1_base64="Wll0Wsi8y1aZtbvJ2fK3vbAYUbA="></latexit>

= p(nT ) +

Z (n+1)T

nT
v(nT ) + (⌧ � nT )u(nT )d⌧

<latexit sha1_base64="7/Xp8L49RYVq962KECxHUkqgMXo="></latexit><latexit sha1_base64="7/Xp8L49RYVq962KECxHUkqgMXo="></latexit><latexit sha1_base64="7/Xp8L49RYVq962KECxHUkqgMXo="></latexit><latexit sha1_base64="7/Xp8L49RYVq962KECxHUkqgMXo="></latexit>

= p(nT ) + Tv(nT ) +
T 2

2
u(nT )

<latexit sha1_base64="ee1VNc03Y602EaWrtSqrZrcZJdg=">AAACInicbZDLSgMxFIYzXmu9VV26CZZCRSjTIuhGKLhxWaE3aMeSSc+0oZnMkGQKZZgn8DV8Abf6Bu7EleDa5zDTFrGtBwIf/znhJJ8bcqa0bX9aa+sbm1vbmZ3s7t7+wWHu6LipgkhSaNCAB7LtEgWcCWhopjm0QwnEdzm03NFt2m+NQSoWiLqehOD4ZCCYxyjRJurlCjc4LIr6Ob7A9fEcup4kNK4/VJK4kkRp2Mvl7ZI9LfwL5WXIo3nVernvbj+gkQ9CU06U6pTtUDsxkZpRDkm2GykICR2RAXQMCuKDcuLpdxJcMEkfe4E0R2g8Tf/eiImv1MR3zaRP9FAt99Lwv14n0t61EzMRRhoEnS3yIo51gFM3uM8kUM0nBgiVzLwV0yExMrQxuLCFEkGBJ1kjZkXDKjQrpbLh+8t8tVadKcqgU3SGiqiMrlAV3aEaaiCKHtEzekGv1pP1Zr1bH7PRNWuu9QQtlPX1A2rnodo=</latexit><latexit sha1_base64="ee1VNc03Y602EaWrtSqrZrcZJdg=">AAACInicbZDLSgMxFIYzXmu9VV26CZZCRSjTIuhGKLhxWaE3aMeSSc+0oZnMkGQKZZgn8DV8Abf6Bu7EleDa5zDTFrGtBwIf/znhJJ8bcqa0bX9aa+sbm1vbmZ3s7t7+wWHu6LipgkhSaNCAB7LtEgWcCWhopjm0QwnEdzm03NFt2m+NQSoWiLqehOD4ZCCYxyjRJurlCjc4LIr6Ob7A9fEcup4kNK4/VJK4kkRp2Mvl7ZI9LfwL5WXIo3nVernvbj+gkQ9CU06U6pTtUDsxkZpRDkm2GykICR2RAXQMCuKDcuLpdxJcMEkfe4E0R2g8Tf/eiImv1MR3zaRP9FAt99Lwv14n0t61EzMRRhoEnS3yIo51gFM3uM8kUM0nBgiVzLwV0yExMrQxuLCFEkGBJ1kjZkXDKjQrpbLh+8t8tVadKcqgU3SGiqiMrlAV3aEaaiCKHtEzekGv1pP1Zr1bH7PRNWuu9QQtlPX1A2rnodo=</latexit><latexit sha1_base64="ee1VNc03Y602EaWrtSqrZrcZJdg=">AAACInicbZDLSgMxFIYzXmu9VV26CZZCRSjTIuhGKLhxWaE3aMeSSc+0oZnMkGQKZZgn8DV8Abf6Bu7EleDa5zDTFrGtBwIf/znhJJ8bcqa0bX9aa+sbm1vbmZ3s7t7+wWHu6LipgkhSaNCAB7LtEgWcCWhopjm0QwnEdzm03NFt2m+NQSoWiLqehOD4ZCCYxyjRJurlCjc4LIr6Ob7A9fEcup4kNK4/VJK4kkRp2Mvl7ZI9LfwL5WXIo3nVernvbj+gkQ9CU06U6pTtUDsxkZpRDkm2GykICR2RAXQMCuKDcuLpdxJcMEkfe4E0R2g8Tf/eiImv1MR3zaRP9FAt99Lwv14n0t61EzMRRhoEnS3yIo51gFM3uM8kUM0nBgiVzLwV0yExMrQxuLCFEkGBJ1kjZkXDKjQrpbLh+8t8tVadKcqgU3SGiqiMrlAV3aEaaiCKHtEzekGv1pP1Zr1bH7PRNWuu9QQtlPX1A2rnodo=</latexit><latexit sha1_base64="ee1VNc03Y602EaWrtSqrZrcZJdg=">AAACInicbZDLSgMxFIYzXmu9VV26CZZCRSjTIuhGKLhxWaE3aMeSSc+0oZnMkGQKZZgn8DV8Abf6Bu7EleDa5zDTFrGtBwIf/znhJJ8bcqa0bX9aa+sbm1vbmZ3s7t7+wWHu6LipgkhSaNCAB7LtEgWcCWhopjm0QwnEdzm03NFt2m+NQSoWiLqehOD4ZCCYxyjRJurlCjc4LIr6Ob7A9fEcup4kNK4/VJK4kkRp2Mvl7ZI9LfwL5WXIo3nVernvbj+gkQ9CU06U6pTtUDsxkZpRDkm2GykICR2RAXQMCuKDcuLpdxJcMEkfe4E0R2g8Tf/eiImv1MR3zaRP9FAt99Lwv14n0t61EzMRRhoEnS3yIo51gFM3uM8kUM0nBgiVzLwV0yExMrQxuLCFEkGBJ1kjZkXDKjQrpbLh+8t8tVadKcqgU3SGiqiMrlAV3aEaaiCKHtEzekGv1pP1Zr1bH7PRNWuu9QQtlPX1A2rnodo=</latexit>
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u(t)

T 2T 3T

d

dt


p(t)
v(t)

�
=

 � 
p(t)
v(t)

�
+

 �
u(t)0 1

0 0

0
1

<latexit sha1_base64="Ir+H0d1/AWDSJdrFzBPBHSlpbis=">AAACH3icdVDLSsNAFJ34rPUVdelmaBFclUQEXRbcuKxgH9CEMpnctEMnkzAzEULI3t/wB9zqH7gTt/0Bv8PpQ2h9HBg4nHPnPk6Qcqa040ystfWNza3tyk51d2//4NA+Ou6oJJMU2jThiewFRAFnAtqaaQ69VAKJAw7dYHwz9bsPIBVLxL3OU/BjMhQsYpRoIw3sGvYCGDJREClJXha0xI7nudgDES60gV13G84M2PlFvq06WqA1sD+9MKFZDEJTTpTqu06qfdNNM8qhrHqZgpTQMRlC31BBYlB+MbulxGdGCXGUSPOExjN1+UdBYqXyODCVMdEj9dObin95/UxH137BRJppEHQ+KMo41gmeBoNDJoFqnhtCqGRmV0xHRBKqTXwrUygRFHhZXQ7mf9K5aLiG313Wm63mPKIKOkU1dI5cdIWa6Ba1UBtR9Iie0Qt6tZ6sN+vd+piXrlmLWE/QCqzJFw0Io5k=</latexit><latexit sha1_base64="Ir+H0d1/AWDSJdrFzBPBHSlpbis=">AAACH3icdVDLSsNAFJ34rPUVdelmaBFclUQEXRbcuKxgH9CEMpnctEMnkzAzEULI3t/wB9zqH7gTt/0Bv8PpQ2h9HBg4nHPnPk6Qcqa040ystfWNza3tyk51d2//4NA+Ou6oJJMU2jThiewFRAFnAtqaaQ69VAKJAw7dYHwz9bsPIBVLxL3OU/BjMhQsYpRoIw3sGvYCGDJREClJXha0xI7nudgDES60gV13G84M2PlFvq06WqA1sD+9MKFZDEJTTpTqu06qfdNNM8qhrHqZgpTQMRlC31BBYlB+MbulxGdGCXGUSPOExjN1+UdBYqXyODCVMdEj9dObin95/UxH137BRJppEHQ+KMo41gmeBoNDJoFqnhtCqGRmV0xHRBKqTXwrUygRFHhZXQ7mf9K5aLiG313Wm63mPKIKOkU1dI5cdIWa6Ba1UBtR9Iie0Qt6tZ6sN+vd+piXrlmLWE/QCqzJFw0Io5k=</latexit><latexit sha1_base64="Ir+H0d1/AWDSJdrFzBPBHSlpbis=">AAACH3icdVDLSsNAFJ34rPUVdelmaBFclUQEXRbcuKxgH9CEMpnctEMnkzAzEULI3t/wB9zqH7gTt/0Bv8PpQ2h9HBg4nHPnPk6Qcqa040ystfWNza3tyk51d2//4NA+Ou6oJJMU2jThiewFRAFnAtqaaQ69VAKJAw7dYHwz9bsPIBVLxL3OU/BjMhQsYpRoIw3sGvYCGDJREClJXha0xI7nudgDES60gV13G84M2PlFvq06WqA1sD+9MKFZDEJTTpTqu06qfdNNM8qhrHqZgpTQMRlC31BBYlB+MbulxGdGCXGUSPOExjN1+UdBYqXyODCVMdEj9dObin95/UxH137BRJppEHQ+KMo41gmeBoNDJoFqnhtCqGRmV0xHRBKqTXwrUygRFHhZXQ7mf9K5aLiG313Wm63mPKIKOkU1dI5cdIWa6Ba1UBtR9Iie0Qt6tZ6sN+vd+piXrlmLWE/QCqzJFw0Io5k=</latexit><latexit sha1_base64="Ir+H0d1/AWDSJdrFzBPBHSlpbis=">AAACH3icdVDLSsNAFJ34rPUVdelmaBFclUQEXRbcuKxgH9CEMpnctEMnkzAzEULI3t/wB9zqH7gTt/0Bv8PpQ2h9HBg4nHPnPk6Qcqa040ystfWNza3tyk51d2//4NA+Ou6oJJMU2jThiewFRAFnAtqaaQ69VAKJAw7dYHwz9bsPIBVLxL3OU/BjMhQsYpRoIw3sGvYCGDJREClJXha0xI7nudgDES60gV13G84M2PlFvq06WqA1sD+9MKFZDEJTTpTqu06qfdNNM8qhrHqZgpTQMRlC31BBYlB+MbulxGdGCXGUSPOExjN1+UdBYqXyODCVMdEj9dObin95/UxH137BRJppEHQ+KMo41gmeBoNDJoFqnhtCqGRmV0xHRBKqTXwrUygRFHhZXQ7mf9K5aLiG313Wm63mPKIKOkU1dI5cdIWa6Ba1UBtR9Iie0Qt6tZ6sN+vd+piXrlmLWE/QCqzJFw0Io5k=</latexit>
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Open Loop Control

At�1B At�2B · · · AB B

~xtarget = 0

~x(t+ 1) = A~x(t) +Bu(t)u(t)

If the system is controllable, u(t) exists to take the 
system from any initial state to a target state

~x(t)�At~x(0) =

2

4

3

5

2

6664

u(0)
u(1)
...

u(t� 1)

3

7775

“Open loop control”



EE16B M. Lustig,  EECS UC Berkeley

Open Loop Examples



EE16B M. Lustig,  EECS UC Berkeley

Open Loop Control

At�1B At�2B · · · AB B

~xtarget = 0

~x(t+ 1) = A~x(t) +Bu(t)u(t)

If the system is controllable, u(t) exists to take the 
system from any initial state to a target state

Q) What issues could occur in practical systems?

~x(t)�At~x(0) =

2

4

3

5

2

6664

u(0)
u(1)
...

u(t� 1)

3

7775

“Open loop control”
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Open Loop Control

At�1B At�2B · · · AB B

~xtarget = 0

~x(t+ 1) = A~x(t) +Bu(t)u(t)

If the system is controllable, u(t) exists to take the 
system from any initial state to a target state

Q) What issues could occur in practical systems?

A) System is not robust to uncertainty or pertubations

~x(t)�At~x(0) =

2

4

3

5

2

6664

u(0)
u(1)
...

u(t� 1)

3

7775

“Open loop control”
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Open Loop Control

If controllable, how do we find u(t)?

~x(t)�At~x(0) =

2

4

3

5

2

6664

u(0)
u(1)
...

u(t� 1)

3

7775

<latexit sha1_base64="gjbKgzuXo3XNLptZnU9bbdpwzOQ=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPoTuoSW5BLx7jkgWSIfR0epImPQvdPUIY8glePCji1S/y5t/Yk0RQ0QcFj/eqqKrnxVJog/GHs7S8srq2ntvIb25t7+wW9vZbOkoU400WyUh1PKq5FCFvGmEk78SK08CTvO2NLzO/fc+VFlF4ZyYxdwM6DIUvGDVWur3pm36hiEsYY0IIygipnGNLarVqmVQRySyLIizQ6Bfee4OIJQEPDZNU6y7BsXFTqoxgkk/zvUTzmLIxHfKupSENuHbT2alTdGyVAfIjZSs0aKZ+n0hpoPUk8GxnQM1I//Yy8S+vmxi/6qYijBPDQzZf5CcSmQhlf6OBUJwZObGEMiXsrYiNqKLM2HTyNoSvT9H/pFUukbMSvj4t1i8WceTgEI7gBAhUoA5X0IAmMBjCAzzBsyOdR+fFeZ23LjmLmQP4AeftE4Wgjfc=</latexit>

Rt<latexit sha1_base64="hQlHW7eckc8ni80drihIZnvYbh8=">AAAB+3icdVDLSgNBEJz1bXytevQyGAS9hBlREw+CqAePCkaF7BJmJx0dMvtgplcMS37FiwdFvPoj3vwbZzWCihY0FFXddHdFmVYWGXvzRkbHxicmp6YrM7Nz8wv+4tK5TXMjoSlTnZrLSFjQKoEmKtRwmRkQcaThIuodlv7FDRir0uQM+xmEsbhKVFdJgU5q+0t7wRFoFDS4AVncDtZxo+1XWY0xxjmnJeH1HebI7m5jkzcoLy2HKhnipO2/Bp1U5jEkKLWwtsVZhmEhDCqpYVAJcguZkD1xBS1HExGDDYuP2wd0zSkd2k2NqwTph/p9ohCxtf04cp2xwGv72yvFv7xWjt1GWKgkyxES+bmom2uKKS2DoB1lQKLuOyKkUe5WKq+FERJdXBUXwten9H9yvlnj2zV2ulXdPxjGMUVWyCpZJ5zUyT45JiekSSS5JXfkgTx6A+/ee/KeP1tHvOHMMvkB7+UdZpuUCw==</latexit>= �~x(t)
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Open Loop Control
<latexit sha1_base64="ZpSZo53tCIuNrvnIsokjF6n5fsQ=">AAAB7HicdVBNSwMxEM36WetX1aOXYBE8laSobcFD0YsnqWA/oF1KNk3b0Gx2SWaFUvobvHhQxKs/yJv/xmxbQUUfDDzem2FmXhAraYGQD29peWV1bT2zkd3c2t7Zze3tN2yUGC7qPFKRaQXMCiW1qIMEJVqxESwMlGgGo6vUb94LY2Wk72AcCz9kAy37kjNwUh3wBb7p5vKkQAihlOKU0NI5caRSKRdpGdPUcsijBWrd3HunF/EkFBq4Yta2KYnBnzADkisxzXYSK2LGR2wg2o5qFgrrT2bHTvGxU3q4HxlXGvBM/T4xYaG14zBwnSGDof3tpeJfXjuBftmfSB0nIDSfL+onCkOE089xTxrBQY0dYdxIdyvmQ2YYB5dP1oXw9Sn+nzSKBXpWILen+erlIo4MOkRH6ARRVEJVdI1qqI44kugBPaFnT3uP3ov3Om9d8hYzB+gHvLdP9xuOJA==</latexit>

t < N
=

<latexit sha1_base64="gjbKgzuXo3XNLptZnU9bbdpwzOQ=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPoTuoSW5BLx7jkgWSIfR0epImPQvdPUIY8glePCji1S/y5t/Yk0RQ0QcFj/eqqKrnxVJog/GHs7S8srq2ntvIb25t7+wW9vZbOkoU400WyUh1PKq5FCFvGmEk78SK08CTvO2NLzO/fc+VFlF4ZyYxdwM6DIUvGDVWur3pm36hiEsYY0IIygipnGNLarVqmVQRySyLIizQ6Bfee4OIJQEPDZNU6y7BsXFTqoxgkk/zvUTzmLIxHfKupSENuHbT2alTdGyVAfIjZSs0aKZ+n0hpoPUk8GxnQM1I//Yy8S+vmxi/6qYijBPDQzZf5CcSmQhlf6OBUJwZObGEMiXsrYiNqKLM2HTyNoSvT9H/pFUukbMSvj4t1i8WceTgEI7gBAhUoA5X0IAmMBjCAzzBsyOdR+fFeZ23LjmLmQP4AeftE4Wgjfc=</latexit>

Rt

<latexit sha1_base64="yXSjip01rrk+0ZXqReAoc6zI9LU=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgKcwENckt6MVjBPOAZAmzk9lkyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDxq6yhRjLdYJCPV9ajmUoS8ZYSRvBsrTgNP8o43ucn8zpQrLaLw3sxi7gZ0FApfMGqs1OlPOUuT+aBYwmWMMSEEZYRUr7Al9XqtQmqIZJZFCVZoDorv/WHEkoCHhkmqdY/g2LgpVUYwyeeFfqJ5TNmEjnjP0pAGXLvp4tw5OrPKEPmRshUatFC/T6Q00HoWeLYzoGasf3uZ+JfXS4xfc1MRxonhIVsu8hOJTISy39FQKM6MnFlCmRL2VsTGVFFmbEIFG8LXp+h/0q6UyWUZ312UGterOPJwAqdwDgSq0IBbaEILGEzgAZ7g2YmdR+fFeV225pzVzDH8gPP2CfuckAE=</latexit>

~u Only approximate solution for 
general case (Least squares) 
Exact for some cases<latexit sha1_base64="7d8VxC3+LMhnatkO1JFJQnlV8i4=">AAAB+XicdVDLSgNBEJz1GeNr1aOXwSDES5gRH/EW1INHBRMDSQizk44Ozj6Y6Q2GJX/ixYMiXv0Tb/6NsyaCihY0FFXddHcFiVYWGXv3pqZnZufmCwvFxaXllVV/bb1h49RIqMtYx6YZCAtaRVBHhRqaiQERBhqugtuT3L8agLEqji5xmEAnFNeR6isp0Eld32+fgkbRHoDM7kZl3On6JVZhjHHOaU744QFz5OiousurlOeWQ4lMcN7139q9WKYhRCi1sLbFWYKdTBhUUsOo2E4tJELeimtoORqJEGwn+7x8RLed0qP92LiKkH6q3ycyEVo7DAPXGQq8sb+9XPzLa6XYr3YyFSUpQiTHi/qpphjTPAbaUwYk6qEjQhrlbqXyRhgh0YVVdCF8fUr/J43dCt+vsIu9Uu14EkeBbJItUiacHJIaOSPnpE4kGZB78kievMx78J69l3HrlDeZ2SA/4L1+AIfBk5o=</latexit> �

~x
(t
)

<latexit sha1_base64="dg8ltHEbu4RzlK4zZ4icUA7+yIU="></latexit>

û = (RT
t Rt)

�1RT
t �~x(t)

<latexit sha1_base64="/Z4X2ozoQooiUbdvprpy7xI4x8E=">AAAB7HicdVBNSwMxEM36WetX1aOXYBE8laSobQ9C0YsnqWA/oF1KNk3b0Gx2SWaFUvobvHhQxKs/yJv/xmxbQUUfDDzem2FmXhAraYGQD29peWV1bT2zkd3c2t7Zze3tN2yUGC7qPFKRaQXMCiW1qIMEJVqxESwMlGgGo6vUb94LY2Wk72AcCz9kAy37kjNwUh3wBb7p5vKkQAihlOKU0NI5caRSKRdpGdPUcsijBWrd3HunF/EkFBq4Yta2KYnBnzADkisxzXYSK2LGR2wg2o5qFgrrT2bHTvGxU3q4HxlXGvBM/T4xYaG14zBwnSGDof3tpeJfXjuBftmfSB0nIDSfL+onCkOE089xTxrBQY0dYdxIdyvmQ2YYB5dP1oXw9Sn+nzSKBXpWILen+erlIo4MOkRH6ARRVEJVdI1qqI44kugBPaFnT3uP3ov3Om9d8hYzB+gHvLdP+KGOJQ==</latexit>

t = N
=

<latexit sha1_base64="gjbKgzuXo3XNLptZnU9bbdpwzOQ=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPoTuoSW5BLx7jkgWSIfR0epImPQvdPUIY8glePCji1S/y5t/Yk0RQ0QcFj/eqqKrnxVJog/GHs7S8srq2ntvIb25t7+wW9vZbOkoU400WyUh1PKq5FCFvGmEk78SK08CTvO2NLzO/fc+VFlF4ZyYxdwM6DIUvGDVWur3pm36hiEsYY0IIygipnGNLarVqmVQRySyLIizQ6Bfee4OIJQEPDZNU6y7BsXFTqoxgkk/zvUTzmLIxHfKupSENuHbT2alTdGyVAfIjZSs0aKZ+n0hpoPUk8GxnQM1I//Yy8S+vmxi/6qYijBPDQzZf5CcSmQhlf6OBUJwZObGEMiXsrYiNqKLM2HTyNoSvT9H/pFUukbMSvj4t1i8WceTgEI7gBAhUoA5X0IAmMBjCAzzBsyOdR+fFeZ23LjmLmQP4AeftE4Wgjfc=</latexit>

Rt
<latexit sha1_base64="yXSjip01rrk+0ZXqReAoc6zI9LU=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgKcwENckt6MVjBPOAZAmzk9lkyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDxq6yhRjLdYJCPV9ajmUoS8ZYSRvBsrTgNP8o43ucn8zpQrLaLw3sxi7gZ0FApfMGqs1OlPOUuT+aBYwmWMMSEEZYRUr7Al9XqtQmqIZJZFCVZoDorv/WHEkoCHhkmqdY/g2LgpVUYwyeeFfqJ5TNmEjnjP0pAGXLvp4tw5OrPKEPmRshUatFC/T6Q00HoWeLYzoGasf3uZ+JfXS4xfc1MRxonhIVsu8hOJTISy39FQKM6MnFlCmRL2VsTGVFFmbEIFG8LXp+h/0q6UyWUZ312UGterOPJwAqdwDgSq0IBbaEILGEzgAZ7g2YmdR+fFeV225pzVzDH8gPP2CfuckAE=</latexit>

~u
<latexit sha1_base64="7d8VxC3+LMhnatkO1JFJQnlV8i4=">AAAB+XicdVDLSgNBEJz1GeNr1aOXwSDES5gRH/EW1INHBRMDSQizk44Ozj6Y6Q2GJX/ixYMiXv0Tb/6NsyaCihY0FFXddHcFiVYWGXv3pqZnZufmCwvFxaXllVV/bb1h49RIqMtYx6YZCAtaRVBHhRqaiQERBhqugtuT3L8agLEqji5xmEAnFNeR6isp0Eld32+fgkbRHoDM7kZl3On6JVZhjHHOaU744QFz5OiousurlOeWQ4lMcN7139q9WKYhRCi1sLbFWYKdTBhUUsOo2E4tJELeimtoORqJEGwn+7x8RLed0qP92LiKkH6q3ycyEVo7DAPXGQq8sb+9XPzLa6XYr3YyFSUpQiTHi/qpphjTPAbaUwYk6qEjQhrlbqXyRhgh0YVVdCF8fUr/J43dCt+vsIu9Uu14EkeBbJItUiacHJIaOSPnpE4kGZB78kievMx78J69l3HrlDeZ2SA/4L1+AIfBk5o=</latexit> �

~x
(t
) Exact unique solution for the 

general case 
<latexit sha1_base64="t4iFKuo1RToBdws9kw4gEqYJAek="></latexit>

~u(t) = R�1
t �~x(t)

<latexit sha1_base64="S50lwhy/SHDKsYjn4bNQbKNhK3c=">AAAB6nicdVDLSgNBEJyNrxhfUY9eBoPgKcwENclFgl48SUTzgGQJs5NJMmT2wUyvEJZ8ghcPinj1i7z5N84mEVS0oKGo6qa7y4uUNEDIh5NZWl5ZXcuu5zY2t7Z38rt7TRPGmosGD1Wo2x4zQslANECCEu1IC+Z7SrS88WXqt+6FNjIM7mASCddnw0AOJGdgpVs4v+7lC6RICKGU4pTQ8hmxpFqtlGgF09SyKKAF6r38e7cf8tgXAXDFjOlQEoGbMA2SKzHNdWMjIsbHbCg6lgbMF8ZNZqdO8ZFV+ngQalsB4Jn6fSJhvjET37OdPoOR+e2l4l9eJ4ZBxU1kEMUgAj5fNIgVhhCnf+O+1IKDmljCuJb2VsxHTDMONp2cDeHrU/w/aZaK9LRIbk4KtYtFHFl0gA7RMaKojGroCtVRA3E0RA/oCT07ynl0XpzXeWvGWczsox9w3j4BTa+N0g==</latexit>

t > N
=

<latexit sha1_base64="gjbKgzuXo3XNLptZnU9bbdpwzOQ=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPoTuoSW5BLx7jkgWSIfR0epImPQvdPUIY8glePCji1S/y5t/Yk0RQ0QcFj/eqqKrnxVJog/GHs7S8srq2ntvIb25t7+wW9vZbOkoU400WyUh1PKq5FCFvGmEk78SK08CTvO2NLzO/fc+VFlF4ZyYxdwM6DIUvGDVWur3pm36hiEsYY0IIygipnGNLarVqmVQRySyLIizQ6Bfee4OIJQEPDZNU6y7BsXFTqoxgkk/zvUTzmLIxHfKupSENuHbT2alTdGyVAfIjZSs0aKZ+n0hpoPUk8GxnQM1I//Yy8S+vmxi/6qYijBPDQzZf5CcSmQhlf6OBUJwZObGEMiXsrYiNqKLM2HTyNoSvT9H/pFUukbMSvj4t1i8WceTgEI7gBAhUoA5X0IAmMBjCAzzBsyOdR+fFeZ23LjmLmQP4AeftE4Wgjfc=</latexit>

Rt
<latexit sha1_base64="yXSjip01rrk+0ZXqReAoc6zI9LU=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgKcwENckt6MVjBPOAZAmzk9lkyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDxq6yhRjLdYJCPV9ajmUoS8ZYSRvBsrTgNP8o43ucn8zpQrLaLw3sxi7gZ0FApfMGqs1OlPOUuT+aBYwmWMMSEEZYRUr7Al9XqtQmqIZJZFCVZoDorv/WHEkoCHhkmqdY/g2LgpVUYwyeeFfqJ5TNmEjnjP0pAGXLvp4tw5OrPKEPmRshUatFC/T6Q00HoWeLYzoGasf3uZ+JfXS4xfc1MRxonhIVsu8hOJTISy39FQKM6MnFlCmRL2VsTGVFFmbEIFG8LXp+h/0q6UyWUZ312UGterOPJwAqdwDgSq0IBbaEILGEzgAZ7g2YmdR+fFeV225pzVzDH8gPP2CfuckAE=</latexit>

~u
<latexit sha1_base64="7d8VxC3+LMhnatkO1JFJQnlV8i4=">AAAB+XicdVDLSgNBEJz1GeNr1aOXwSDES5gRH/EW1INHBRMDSQizk44Ozj6Y6Q2GJX/ixYMiXv0Tb/6NsyaCihY0FFXddHcFiVYWGXv3pqZnZufmCwvFxaXllVV/bb1h49RIqMtYx6YZCAtaRVBHhRqaiQERBhqugtuT3L8agLEqji5xmEAnFNeR6isp0Eld32+fgkbRHoDM7kZl3On6JVZhjHHOaU744QFz5OiousurlOeWQ4lMcN7139q9WKYhRCi1sLbFWYKdTBhUUsOo2E4tJELeimtoORqJEGwn+7x8RLed0qP92LiKkH6q3ycyEVo7DAPXGQq8sb+9XPzLa6XYr3YyFSUpQiTHi/qpphjTPAbaUwYk6qEjQhrlbqXyRhgh0YVVdCF8fUr/J43dCt+vsIu9Uu14EkeBbJItUiacHJIaOSPnpE4kGZB78kievMx78J69l3HrlDeZ2SA/4L1+AIfBk5o=</latexit> �

~x
(t
)

Infinite solutions for the 
general case
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Simple Example – Sous Vide

System is definitely controllable!
Given ɑ = 0.5, x(0) = 20, want to bring the state to x(t)=60

<latexit sha1_base64="jnY30kG9+qFRObHaY+86DxBvCa8=">AAACBHicdVDLSgMxFM3UV62vUZfdBIvQUihJUdsuhKIblxVsK7RDyaRpG5p5kGTEMnThxl9x40IRt36EO//GTFtBRQ+EnJxzLzf3uKHgSiP0YaWWlldW19LrmY3Nre0de3evpYJIUtakgQjktUsUE9xnTc21YNehZMRzBWu74/PEb98wqXjgX+lJyByPDH0+4JRoI/Xs7G1eF3EBnsIuEeGIQPMuwCKMzNWzc6iEEMIYw4TgygkypFarlnEV4sQyyIEFGj37vdsPaOQxX1NBlOpgFGonJlJzKtg0040UCwkdkyHrGOoTjyknni0xhYdG6cNBIM3xNZyp3zti4ik18VxT6RE9Ur+9RPzL60R6UHVi7oeRZj6dDxpEAuoAJonAPpeMajExhFDJzV8hHRFJqDa5ZUwIX5vC/0mrXMLHJXR5lKufLeJIgyw4AHmAQQXUwQVogCag4A48gCfwbN1bj9aL9TovTVmLnn3wA9bbJ3HolW0=</latexit>

x(t+ 1) = ↵x(t) + u(t)

Q) What’s the minimum t?
A) t = 1, u(0) = 55

Q) What if u(t) is constrained u(t)≤30
A) u(0) = 30, x(1)=40

u(1) = 30, x(2) = 50
u(2) = 30, x(3) = 55 
…..

Q) What if ɑ=0.95, x(0)=95.2? 
A) t=9, u(t) = 0
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Subtleties in Controllability and Stability

** Beyond what we teach in class

Rt is a condition for controllability when the inputs are 
not constrained!

Stability: Depends on controllability 
Example:

<latexit sha1_base64="p4B77UGtl7wJbz5NkLt0a66s5Y0="></latexit>
x1(t+ 1)
x2(t+ 1)

�
=


0.5 0
0 1

� 
x1(t)
x2(t)

�
+


1
0

�
u(t)
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State Feedback Control

Goal:   bring          back to equilibrium               from any 
initial condition

~x(t+ 1) = A~x(t) +Bu(t) u 2 RDiscrete-time:

~x(t) ~x = 0
~x(0)

u(t) = k1x1(t) + k2x2(t) + · · ·+ knxn(t)

~x(t+ 1) = A~x(t) +Bu(t)u(t)
k1

x1(t)

kn

... xn(t)

“control policy” \ “control law”
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State Feedback Control 

If (A+BK) satisfies the stability condition then, 

~x(t+ 1) = A~x(t) +Bu(t)u(t)

...
k1

kn

x1(t)

xn(t)

u(t) = [k1, · · · , kn]~x(t) = K~x(t)

) ~x(t+ 1) = (A+BK)~x(t)

~x(t) ! 0 from any initial condition!

If the system is controllable, then we can also shape 
the eigenvalues arbitrarily
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Video
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Failed Feedback Control
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�2 � (a2 + k2)�� (a1 + k1)

�2 � a2�� a1

Example 1

~x(t+ 1) =


0 1
a1 a2

�
~x(t) +


0
1

�
u(t)

A B

R2 = [AB B]=


1 0
a2 1

�
Rank=2 ⇒ controllable!

A+BK=


0 1
a1 a2

�
+


0
1

�
[k1 k2]=


0 1

a1 + k1 a2 + k2

�
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Example 1 cont

Suppose we want eigen-values at λ1,λ2

(�� �1)(�� �2)= �2 � (�1 + �2)�+ �1�2

a2 + k2 = �1 + �2

k1 = ��1�2 � a1

|�I � (A+BK)| = �2 � (a2 + k2)�� (a1 + k1)

a1 + k1 = ��1�2

k2 = �1 + �2 � a2
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Example 1: Summary

Eigen values of the state-feedback system will be at 
my chosen              !

u(t)
k1

x1(t)

x2(t)

~x(t+ 1) =


0 1
a1 a2

�
~x(t) +


0
1

�
u(t)

k1 = ��1�2 � a1
k2 = �1 + �2 � a2

�1, �2

k2
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Example 2

rank = 1, uncontrollable

=


1 + k1 1 + k2

0 2

�

�1 = k1 + 1
�2 = 2

R2 = [AB B]=


1 1
0 0

�

x2(t+ 1) = 2x2(t)

A B

~x(t+ 1) =


1 1
0 2

�
~x(t) +


1
0

�
u(t)

A+BK =


1 1
0 2

�
+


1
0

�
[k1 k2]
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Continuous Time

Choose K s.t. , Re λi(A+BK) < 0,  i=1,2,3…n

d

dt
~x(t) = A~x(t) +Bu(t)

u(t) = K~x(t)
d

dt
~x(t) = (A+BK)~x(t)
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Re
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Example 3: Pole on a Cart

Design state-feedback control
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Example 3: Pole on a Cart
Linearization about ✓ = 0 ✓̇ = 0

State space model:

d

dt

2

4
✓(t)
✓̇(t)
ẏ(t)

3

5 =

2

4
0 1 0

M+m
Ml g 0 0
�m

M g 0 0

3

5

2

4
✓(t)
✓̇(t)
ẏ(t)

3

5+

2

4
0

� 1
Ml
1
M

3

5u(t)

M = 1
m = 0.1
l = 1
g = 1

<latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit>

A =

2

4
0 1 0
11 0 0
�1 0 0

3

5 B =

2

4
0
�1
1

3

5



EE16B M. Lustig,  EECS UC Berkeley

Controller

Characteristic polynomial:

M = 1
m = 0.1
l = 1

A =

2

4
0 1 0
11 0 0
�1 0 0

3

5 B =

2

4
0
�1
1

3

5

A+BK =

2

4
0 1 0

11� k1 �k2 �k3
�1 + k1 k2 k3

3

5

�3 + (k2 � k3)�
2 + (k1 � 11)�+ 10k3 = 0

�1,�2,�3
Desired:

(�� �1)(�� �2)(�� �3)

g = 1
<latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit>
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A+BK =

2

4
0 1 0

11� k1 �k2 �k3
�1 + k1 k2 k3

3

5

�3 + (k2 � k3)�
2 + (k1 � 11)�+ 10k3 = 0

�3 � (�1 + �2 + �3)�
2 � (�1�2 + �1�3 + �2�3)�� �1�2�3 = 0

2

4
0 1 �1
1 0 0
0 0 10

3

5

2

4
k1
k2
k3

3

5 =

2

4
�(�1 + �2 + �3)

�(�1�2 + �1�3 + �2�3) + 11
�1�2�3

3

5

2

4
k1
k2
k3

3

5 =

2

4
0 1 0
1 0 0.1
0 0 0.1

3

5

2

4
�(�1 + �2 + �3)

�(�1�2 + �1�3 + �2�3) + 11
�1�2�3

3

5

inv

-
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Re
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Controller

What is open loop? (no feedback control, ki=0):

�3 + (k2 � k3)�
2 + (k1 � 11)�+ 10k3 = 0

�3 � 11� = 0
�(�2 � 11) = 0

x xx

Ask yourself what if you can control just one, or two state variables?
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Summary
• Discussed State-feedback Control
• Discussed open-loop control
• When the system is controllable, can assign eigen-

values arbitrarily


